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Abstract-In this paper, we obtain an inverse M-matrix completion, with zeros in the inverse 
completion, of a noncombinatorially symmetric partial inverse M-matrix, when the associated graph 
is acyclic without specified paths or, in the other case, when the subgraph induced by the vertices of 
any cycle or specified path is a clique. @ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
A partial matrix is a matrix in which some entries are specified and others are not. A comple- 
tion A, of a partial matrix A is the matrix resulting from a particular choice of values for the 
unspecified entries. We denote by A0 the completion obtained by replacing all unspecified entries 
by zeros. A partial matrix A = (aij)nxn is said to be combinatorially symmetric when aij is 
specified if and only if aji is. 
A natural way to describe an n x n partial matrix A = (aij) is via a graph GA = (V, E), 
where the set of vertices V is {1,2,. . . , n}, and the edge or arc {i, j} is in set E if and only if 
the (i,j)-entry of A is specified. In general, a nondirected (directed) graph is associated with a 
combinatorially (noncombinatorially) symmetric partial matrix. 
A path is a sequence of edges (arcs) {il,iz}, {iz,is}, . . . , {ik_l, ik} in which the vertices are 
distinct. When the edge (arc) {il, ik} also exists, we say that the path is a speclified path. A cycle 
is a path where the first vertex is equal to the last vertex. A graph is a clique if it includes all 
possible edges between its vertices. 
An n x 7~ real matrix is called P-matti if all its principal minors are positive. An M-matria: 
is a P-matrix in the set 2, = {A = (aij) : aij 5 0, for i # j, i,j = 1,2,. . . , n}. 
DEFINITION 1.1. A nonsingular matrix A is an inverse M-matrix if A-’ is an M-matrix. 
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It is known [I] that a matrix A is inverse M-matrix if and only if A > 0 and A-’ 5 0, both with 
positive main diagonal entries. We recall that this concept is invariant by permutation similarity, 
positive diagonal similarity, and positive left or right diagonal multiplication. Moreover, every 
principal submatrix of an inverse M-matrix is also an inverse M-matrix. This last statement 
allows us to give the following definition. 
DEFINITION 1.2. A partial matrix is said to be a partial inverse M-matrix if every completely 
specified principal submatrix is an inverse M-matrix, and all of its specified entries are nonneg- 
ative. 
An inverse M-matrix completion problem asks if there exists an inverse M-matrix completion of 
a partial inverse M-matrix. This problem has been studied by Johnson and Smith (see [2]) when 
the partial matrix is combinatorially symmetric and by Hogben (see [3]) in the noncombinatorially 
symmetric case. 
The goal of this paper is to obtain, in the noncombinatorially symmetric case, an inverse 
M-matrix completion with the property of the zeros in the inverse completion, that is, the inverse 
of this completion has zeros in the same positions in which the partial matrix has unspecified 
entries. This kind of completion was given by Johnson and Smith in [2] when the partial matrix 
was combinatorially symmetric. In the noncombinatorially symmetric case, taking into account 
the results obtained by Hogben in (31, the associated digraph to the partial matrix must be 
acyclic without specified paths, otherwise the digraph must verify that the subgraph induced by 
the vertices of any cycle or specified path is a clique. 
2. COMPLETIONS WITH ZEROS 
IN THE INVERSE COMPLETION 
Let G= (V,E) b eadigraphwhereV={1,2,... , n}. The adjacency matrix a = (aij) of G is 
an n x n matrix defined by 
_ 
aij = 
1 
1, if {i, j} E E, i # j, 
0, if {i, j} 6 E or i = j. 
When the digraph G is acyclic, the following result of graph theory allows us to determine the 
number of paths of length k, k 2 1, that there exists between any two vertices i and j in the 
graph G (see [4]). 
If 2 = (ail) is the adjacency matrix of a digraph G = (V, E), the (i,j)-entry of A”, ~iii’, is the 
number of paths of length k, that begin in the vertex i and finish in the vertex j. 
If G is an acyclic digraph without specified paths, the nonzero entries of A”, k > 1, are in 
positions in which the matrix /i has zero entries. Otherwise, if ziij = 1 and $) > 0, we have 
that there exists, at least, a path of length k from vertex i to vertex j, and the arc {i, j}, which 
contradicts the hypothesis that there do not exist specified paths. 
Let A = (aij) be a partial nonnegative matrix (that is, its specified entries are nonnegative) 
whose associated digraph GA is acyclic without specified paths. If we call weight of the arc {i, j} 
to the value of the specified (i, j)-entry, aij, of A, we may associate to the graph GA the weight 
matrix W = (wij) defined by 
{ 
aij, if {i,j} E E, i # j, 
Wij = 
0, if{i,j}$!Eori=j. 
Note that the weight matrix can be obtained from the adjacency matrix by replacing the 1s by 
the corresponding weight of the arcs. Therefore, the nonzero entries of W” = (w$‘), k > 1, are 
in positions in which the matrix A -k, k > 1, has nonzero entries and the matrix A has unspecified 
entries. Moreover, if sii;) = q, we have q paths of length k, from vertex i to vertex j, and wi:’ 
is the addition of q terms (one for path), where each addend is the product of the weight of the 
arcs that form the corresponding path. 
From the previous comments, we can establish the following result. 
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THEOREM 2.1. Let A be an n x n partial inverse M-matrix whose associated digraph GA is 
acyclic without specified paths. Then, there exists a unique inverse M-matrix completion A, 
of A, with zeros in the inverse completion. Moreover, this completion has maximun determinant 
among all the inverse M-matrices completions of A. 
PROOF. We can suppose, without loss of generality, that all specified entries of the partial ma- 
trix A are in the upper triangular part. Otherwise, by applying the topological order algorithm 
(see [4]), we obtain a permutation matrix P, such that PAPT has this structure. 
Moreover, we can also suppose that the main diagonal entries are specified and equal to 1. 
If some main diagonal entry is unspecified, we can replace this entry by any positive number 
and taking into account that the inverse M-matrix property is invariant under left diagonal 
multiplication, we may take to be 1s. 
Let W be the associated weight matrix to the digraph GA. It is easy to see that W is a nilpotent 
matrix, being its index of nilpotence, q, the number of vertices of the largest path in GA. As we 
have commented, the nonzero entries of Wk, k > 1, are in positions in which the matrix A has 
unspecified entries, therefore the matrix 
A, = I + W + W2 + . . . + Wq-’ 
is a nonnegative completion of the partial matrix A, whose inverse is A,’ = I - W. Then A, is 
an inverse M-matrix completion of A with the property of the zeros in the inverse completion. 
Now, we are going to see that A, is the unique inverse M-matrix completion of A with the 
mentioned property. Suppose that there exists other inverse M-matrix completion A,, , with the 
property of the zeros in the inverse completion. Then 
A,’ = I - Q, 
where Q is a nonnegative matrix, with zeros in the main diagonal and in the same positions in 
which matrix A has unspecified entries. Therefore, Q is a nilpotent upper triangular matrix, with 
its nonzero entries in the same positions that the nonzero entries of W and 
A,, = I + Q + Q2 + ... + Qt--l, 
where t is the index of nilpotence of Q. Since the nonzero entries of Q2, Q3,. . . , Q”-’ are in 
positions in which A has unspecified entries, then I + Q = I + W and A,, = A,. 
Finally, by applying the Fischer’s inequality, we can assure that this completion has maximun 
determinant among all completions inverse M-matrices. I 
Let Cij be the set of the paths that begin in the vertex i and finish in the vertex j and let C’ij 
be an element of this set. If we represent by PP(Cij) the product of the weight of the arcs that 
form the path Cij, it is easy to see that the completion A, = (cij) of matrix A, obtained in the 
previous theorem, satisfies 
I 
0, if i > j, 
aij , if the (i, j)-entry of A is specified, 
Cij = 
C PP(Cij), if the (i, j)-entry of A is unspecified and Cij # 8, 
C,jEC(ivj) 
0, if the (i, j)-entry of A is unspecified and Cij = 0. 
The following algorithm allows us to obtain the mentioned completion A,. 
ALGORITHM. Let B be a partial inverse M-matrix, whose associated digraph Gg is acyclic 
without specified paths. 
TOPOLOGICAL ORDER ALGORITHM. 
l There exists a permutation matrix P, such that A = PBPT has all its specified entries 
in the upper triangular part. 
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COMPLETION A, OF THE PARTIAL MATRIX A. 
0 i=n-1 
l While i 2 1 
Forj=i+l,...,n 
If (i, j)-entry is unspecified 
If there exists a path Cij from vertex i to vertex j in GA 
Xij = c PP(C,j) 
Ci, Ec(i,j) 
Otherwise 
Xij = 0 
Complete the remaining unspecified entries in the ith row with zeros. 
i=i-1 
COMPLETION B, OF THE MATRIX B. 
l B, = PTA,P 
EXAMPLE. Let B be the following partial inverse M-matrix 
B= 
- 1 blz x13 bl4 x15 x16 x17 
x21 1 b23 x24 x25 b26 x27 
x31 x32 1 x34 x35 x36 x37 
x41 x42 b43 1 x45 x46 X47 
x51 x52 x53 b54 1 b56 X5? 
x61 262 x63 x64 x65 1 x67 
x71 x72 b3 x74 x75 b6 1 
.X81 382 x83 x84 x85 X86 b87 
x28 
x38 
x48 
x58 
X68 
08 
1 
whose associated digraph Gg is acyclic without specified paths. 
By applying the topological order algorithm, we obtain the permutation matrix 
P=[l 2 5 4 8 7 6 31, 
such that 
r 1 blz 515 h4 h8 Xl? x16 x13 
x21 1 x25 x24 X28 x27 b26 b23 
x51 x52 1 b54 x58 x57 b56 x53 
A = PBPT = x41 x42 x45 ’ x48 x47 x46 b43 
X81 x82 x85 x84 1 h7 X86 x83 ’ 
x71 x72 x75 x74 08 1 b6 b3 
x61 x62 x65 x64 X68 267 1 x63 
-x31 x32 x35 x34 238 x37 x36 1 - 
Now, by applying the algorithm to the partial matrix A, we obtain the inverse M-matrix 
completion 
A, = 
‘1 h2 0 b14 hs hd’87 h&d% + hd?x ~dwh + bldu + b14b43 
0100 0 0 bzs bm 
0 0 1 b54 0 0 b56 b&a 
00010 0 0 b43 
0000 1 b87 b&V6 bwbn 
0000 0 1 b76 bm 
0000 0 0 1 0 
.o 0 0 0 0 0 0 1 
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whose inverse is 
A,l zz 
-1 412 0 414 418 0 0 0 - 
0100 0 0 -+s --&xi 
0 0 1 -bS4 0 0 -b56 0 
0001 0 0 0 -b43 
0000 1 437 0 0 . 
0000 0 1 -&i -43 
0000 0 0 1 0 
-0 0 0 0 0 0 0 1 _ 
Therefore, matrix B, = PTA,P is an inverse M-matrix completion of the partial matrix B, with 
zeros in the inverse completion. 
DEFINITION 2.1. Let A be a partial matrix partitioned as follow: 
withAij ofsizeni~nj,i,j=1,2 ,..., p, such that the diagonal blocks are totally specified and 
any off-diagonal block contains at most one specified entry. 
The digraph-block of A is the digraph GBA = {v, I?}, where v = {1,2,. . . ,p} and the arc 
{i, j} is in ,?? if the block Aij has an specified entry. 
The following result generalizes Theorem 2.1. 
THEOREM 2.2. Let C be a partial inverse M-matrix, partitioned as (l), such that its associ- 
ated digraph-block is acyclic without specified paths. Then, there exists an inverse M-matrix 
completion of C with zeros in the inverse completion. 
PROOF. We can suppose, without loss of generality, that the diagonal blocks Aii, with i = 
1,2,. . . ,p have 1s on the main diagonal. Since GBc is acyclic without specified paths, from the 
topological order algorithm, we can obtain a permutation matrix P such that: 
AH -412 Al3 . . . AI, 721 
x21 A22 A23 . . Asp n2 
A= pcpT = x31 x32 A33 . . . A3p 723, 
_&,I X,2 40 . . . A,_ np 
whereAii,i=1,2,... ,p, is an inverse M-matrix, any subdiagonal block is a completely unspec- 
ified matrix and any superdiagonal block Aij, i < j, is a partial matrix with, at the maximun, 
one specified entry. 
From A, we define the following partial matrix: 
&I B12 B13 . . Blp nl 
x21 B22 B23 . . . B2p n2 
B = x31 x32 B33 . . . Bs~ 1 723, 
x,1 X,2 Xp3 . . . 
where 
(a) Bii is of size ni x ni, with 1s on the main diagonal, being the remaining entries unspecified, 
for i = 1,2,...,p; 
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(b) Bij = Aij if Aij is completely unspecified, i < j; 
(c) let aSt be the unique specified entry of A in the block AQ; let (s’, t’) be, where s’ = 
s - (ni + 722 -t ... + ~-1) and t’ = t - (ni + n2 + +. . + nj-I), with no = 0, the relative 
position of a,t in Aij; then the block Bij, of size ni x nj, is a partial matrix completely 
unspecified except its column t’ which is equal to C,J (Aii)ast , where C,/ (Aii) is the column 
S’ of block Aii. 
It is easy to see that Gg is acyclic without specified paths. By applying Theorem 2.1 to matrix 
B, we obtain the following inverse M-matrix completion of B: 
I B12, B13, . . . Blpc n1 
0 I B23, . . . B2pc n2 
B, = 0 0 I . . . Bsp, ns, 
. . . . . . 
-0 0 0 . . . I-n, 
where 
Bijc = 
i 
Bij, 1 if Bij is not completely unspecified, 
L 0, in other case, 
with the property of zeros in the inverse completion, being 
I -&20 -B130 . . . -Blpo 721 
0 I -Bz~~ . . -Bapo 122 
B,& 0 0 I . . . -B3po 723 . 
-0 0 0 . . . I _np 
Let D = diag(Ari As2 . . . App) be. The matrix A, = B,D verifies the following. 
I. It is a nonnegative completion of A, since 
where 
-AH &z,Azz &s,Ass . . . Bl,cA,,- 
0 A22 B23,A33 . . . &w%p 
B,D= o o A33 . . . B3pcApp , 
-0 0 0 . . . A,, _ 
(i) if Aij is completely unspecified, Bij, 2 0 and then BijcAj, > 0; 
(ii) in the other case, let aat be the specified entry of AQ; it is easy to prove that B,,<,A,j is 
a nonnegative matrix, which has the element a,t in the (s’, t’)-position. 
2. It is an inverse M-matrix with zeros in the inverse completion, since 
rAI;1 -A$B12, . . . -A;;1B1,0 1 
A,’ = D-‘B,l = 
where the diagonal blocks are M-matrices 
and 
4; . . . 
0 . . . A,-,’ 
because A,,, i = 1,2,. . . ,p, are inverse M-matrices, 
if Aij is completely unspecified, 
in other case. 
I 
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EXAMPLE. Let A be the following partial inverse M-matrix: 
- 1 al2 al3 x14 x15 x16 x17 x18 
-l 
a21 1 a23 a24 x25 x26 x27 X28 
a31 a32 1 x34 x35 a36 x37 x38 
x41 x42 543 1 
A= 
a45 X46 x47 a48 
x51 552 x53 a54 1 x56 x57 558 . 
x61 x62 x63 x64 x65 1 a67 a68 
x71 x72 x73 x74 x75 a76 1 X78 
_ x81 582 x83 X84 x85 586 X87 1 _ 
We define the following partial inverse M-matrix B, whose digraph is acyclic without specified 
paths 
B= 
By applying Theorem 2.1 to this matrix, we obtain the following inverse M-matrix completion 
1 x12 x13 al2a24 x15 al3a36 x17 x18 
x21 1 x23 a24 x25 a23a36 527 X28 
x31 x32 1 a32a24 x35 a36 x37 x38 
x41 x42 x43 1 x45 x46 x47 a48 
x51 x52 x53 x54 1 x56 557 a54a48 
x61 562 263 x64 x65 1 267 a68 
x71 x72 x73 574 x75 X76 1 a76a68 
x81 X82 x83 x84 585 X86 x87 1 
of B, wit ,h zeros in the inverse completion 
-1 0 0 a12024 0 a13a36 0 a12a24a48 + a13a3Ga68 
0 1 0 a24 0 a23a36 0 a24a48 a23a36a68 + 
0 0 1 a32a24 0 a36 0 a32a24a48 + a36a68 
B”=;;; :, ; ; ; a48 
a54a48 
0 00 0 0 10 a68 
000 0 0 0 1 a76a68 
0 00 0 0 0 0 1 _ 
El-om B,, we obtain the desired completion of A: 
- 1 al2 al3 a12024 al2a24a45 a13a36 a13a36a67 a12a24a48 + a13a36a68 
a21 1 a23 a24 a24a45 a23a36 a23a36a67 a24a48 + a23a36a68 
a31 a32 1 a32a24 a32a24a45 a36 a36a67 a32a24a481 f a36a68 
A,= ; ; ; ’ a45 
0 0 a48 
a54 1 0 0 a54a48 
000 0 0 1 a67 a68 
000 0 0 a76 1 a76a68 
&O 0 0 0 0 0 0 1 
whose inverse is 
A, = 
0 0 0 0 0 
4: -24 0 0 0 0 
0 0 -a36 0 0 
0 ’ ’ 
A-1 
0 0 
-a48 0 0 0 22 0 0 0 . 
0 0 0 0 0 -68 
0 0 0 0 0 G 0 
-0 0 0 0 0 0 0 l_ 
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